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Abstract
By using the super Poincaré inequality of a Markov generator L0 on L2(μ) over a σ -finite measure space
(E,F ,μ), the Schrödinger semigroup generated by L0 −V for a class of (unbounded below) potentials V
is proved to be L2(μ)-compact provided μ(V  N) < ∞ for all N > 0. This condition is sharp at least
in the context of countable Markov chains, and considerably improves known ones on, e.g., Rd under the
condition that V (x) → ∞ as |x| → ∞. Concrete examples are provided to illustrate the main result.
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1. Introduction
Since the compactness of a bounded semigroup of linear operators is equivalent to the dis-
creteness of the spectrum of the corresponding generator, it is a very important topic in both
functional analysis and mathematical physics. In many cases this can be investigated by using
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compact operators. In this spirit, Donnelly and Li [4] presented the following principle for the
Laplacian on a complete Riemannian manifold M :
infσess(−) sup
K⊂M is compact
inf
{∫
M
|∇f (x)|2 λ(dx)∫
M
f (x)2 λ(dx)
: f ∈ C10(M), f |K = 0
}
.
Indeed, it is easy to check that the equality holds and the formula can be extended to a gen-
eral situation as long as there holds a Sobolev embedding theorem (cf. [9]). Due to this fact, it
is not surprising that a Feynman–Kac semigroup on Rd is L2-compact provided the potential
goes to infinite as |x| → ∞. This becomes a usual criterion in the study of the compactness
for Schrödinger type semigroups. See, e.g., a recent result [7, Theorem 1.1] for Feynman–Kac
semigroups associated to the relativistic α-stable process.
The purpose of this note is to present a better criterion in an abstract framework. Roughly
speaking, we aim to prove the L2-compactness of a class of Schrödinger semigroups with un-
bounded below potentials. The main tool of our study is to use the intrinsic super Poincaré
inequality introduced by the first named author in [11] (see also [5]), which is different from
both the traditional decomposition principle in functional analysis and probabilistic approaches
through Feynman–Kac formula as in [7].
Let E be a Polish space with Borel σ -algebra F , and μ a σ -finite measure on E. Let
(E0,D(E0)) be a symmetric Dirichlet form on L2(μ) with generator (L0,D(L0)). Let V be
a measurable function on E such that D(L0) ∩ L2(|V |μ) is dense in L2(μ). If the operator
LV := L0 − V is bounded above in the sense of quadric form, i.e.
EV (f,f ) := E0(f,f ) + μ
(
Vf 2
)
−c(V )μ(f 2), f ∈D(L0) ∩ L2(|V |μ),
holds for some constant c(V ) 0, then (LV ,D(LV )), the Friedrichs extension of (LV ,D(L0)∩
L2(|V |μ)), generates a bounded semigroup PVt on L2(μ). Furthermore, PVt is positivity pre-
serving (cf. the proof of [3, Theorem 1.8.2]).
In order to establish functional inequalities for the Schrödinger operator, we shall use the
nonnegative quadric form E˜V := EV + c(V ) in stead of EV . Obviously, the compactness of PVt
is equivalent to that of the contractive semigroup associated to E˜V . Recall that a linear operator
on L2(μ) is called compact if it sends bounded sets onto compact sets, while a semigroup {Pt }t0
on L2(μ) is called compact if Pt is compact for any t > 0.
To study the compactness of PVt , we first consider the semicompactness of PVt . For a bounded
linear operator P on L2(μ), the tail norm
‖P ‖T := lim
K→∞ supμ(f 2)1
μ
(
(Pf )21{|Pf |Kϕ}
)
is independent of the choice on strictly positive functions ϕ ∈ L2(μ), and is called the measure of
non-semicompactness of P . If ‖P ‖T = 0 then the operator P is called semicompact on L2(μ).
According to [13, Theorem 3.2.2], PVt is semicompact for any t > 0 if and only if there exists
a positive function ϕ ∈ L2(μ) such that
μ
(
f 2
)
 rE˜V (f,f ) + β(r)μ
(|f |ϕ)2, r > 0, f ∈D(EV ), (1.1)
holds for some (decreasing) function β : (0,∞) → (0,∞). This inequality is called the intrinsic
super Poincaré inequality and has been applied to the study of intrinsic ultracontractivity (cf. [8]).
Next, due to [13, Theorem 3.1.7], a bounded operator is compact if and only if it is semicom-
pact and has an asymptotic kernel. Recall that a bounded linear operator P on L2(μ) is called
F.-Y. Wang, J.-L. Wu / Bull. Sci. math. 132 (2008) 679–689 681a kernel operator if there exists a measurable function  on E × E such that for any f ∈ L2(μ)
one has
∫
E
|(·, y)f (y)|μ(dy) ∈ L2(μ) and
Pf =
∫
E
(·, y)f (y)μ(dy).
In this case  is called the density of P with respect to μ. Moreover, P is said to have an
asymptotic kernel if ‖P − Pn‖2 → 0 as n → ∞ for a sequence of kernel operators {Pn}.
So, to prove the compactness of PVt , one only has to verify the intrinsic super Poincaré
inequality (1.1) and the existence of density of PVt with respect to μ. In most situations for
finite-dimensional models, the latter can be observed easily. So, the main point of the study re-
duces to the validity of (1.1). To this end, we start from the super Poincaré inequality for E0
which appears naturally in applications:
μ
(
f 2
)
 rE0(f,f ) + β0(r)μ
(|f |)2, r > 0, f ∈D(E0), (1.2)
for some β0 : (0,∞) → (0,∞), where μ(h) :=
∫
E
hdμ for h ∈ L1(μ). For instance, for the
Brownian motion or the α-stable process on Rd there holds a Nash inequality, which is equivalent
to (1.2) with β0(r) = cr−d/2 or cr−d/α for some c > 0, see [10, Corollary 1.3]. According to
Lemma 2.1 below, if (1.2) and the following
μ
(
(K + V )−β0
(
δ/(K + V )−))< ∞, δ > 0, (1.3)
hold for some K > 0, where β0(δ/0) := β0(∞) = limr→∞ β0(r) < ∞, then LV is bounded
above and hence PVt is a well-defined bounded semigroup on L2(μ).
Theorem 1.1. Let (1.2) hold for some decreasing β0 and let V satisfy (1.3) for some K > 0. If
μ(V < N) := μ({x ∈ E: V (x) < N}) < ∞ for any N > 0 then PVt exists and is semicompact
on L2(μ) for any t > 0. Consequently, if moreover PVt has a density with respect to μ, then it is
compact on L2(μ).
If (1.2) holds for some β0 satisfying
∞∫
s
β−10 (r)
r
dr < ∞ (1.4)
for large s > 0, where β−10 (r) := inf{t > 0: β(t) r}, then P 0t := etL0 is ultracontractive so that
the semigroup P 0t has a bounded density with respect to μ for any t > 0 (cf. [9,10]). Indeed, we
can prove the same assertion for PVt provided (1.3) holds. So, we have the following consequence
of Theorem 1.1.
Corollary 1.2. Assume (1.2) for some β0 satisfying (1.4). If (1.3) holds and μ(V < N) < ∞ for
all N > 0, then PVt is compact on L2(μ) for all t > 0.
Although (1.4) is not a strong assumption for infinite reference measures due to e.g. the Nash
inequality on Rd , it is quite restrictive for finite μ as it implies the ultracontractivity of P 0t , so
that even the standard Ornstein–Uhlenbeck semigroup is excluded. To provided a reasonable
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ensured by
E
xe
∫ t
0 V
−(Xs)dx < ∞, x ∈ E, (1.5)
where Xs is the right-continuous strong Markov process generated by L0.
Corollary 1.3. Assume that L0 generates a unique right-continuous strong Markov process
whose semigroup having a transition density with respect to μ, and (1.2) holds for some de-
creasing β0. Moreover, let V satisfy (1.3) and (1.5). Then PVt is compact on L2(μ) for t > 0
provided μ(V < N) < ∞ for all N > 0.
The above results will be proved in the next section. To apply these results to subordinated
Schrödinger semigroups, the super Poincaré inequality for functionals of Dirichlet operators is
studied in Section 3. As a consequence, we have the following corollary. Recall that a smooth
nonnegative function g on [0,∞) is called Bernstein, if (−1)ng(n)  0 for all n  1. It is well
known that −g(−L0) is a Dirichlet operator for any Bernstein function g (cf. [2]).
Corollary 1.4. Let (1.2) hold for some β0 and assume that P 0t has a density with respect to μ.
Then for any Bernstein function g with g(r) ↑ ∞ as r ↑ ∞, and for any bounded below mea-
surable function V on E with μ(V < N) < ∞ for all N > 0, the semigroup generated by
−g(−L0) − V is compact in L2(μ).
Finally, some concrete examples are presented in Section 4 to illustrate our results, where
Example 4.1 considerably strengthens [7, Theorem 1.1]. In particular, examples are constructed
to show that the condition μ(V N) < ∞ for all N > 0 is essential for the compactness of PVt
in the context of countable Markov chains. More precisely:
Proposition 1.5. For any σ -finite measure μ on a countable set S with full support and any
nonnegative measurable function V such that μ(V  N) = ∞ for some N > 0, there exists
a conservative Markov chain on S, which is symmetric with respect to μ and satisfies (1.2), but
PVt is not semicompact for any t > 0.
2. Proofs of Theorem 1.1 and Corollaries 1.2, 1.3
We first prove that (1.2) and (1.3) imply the existence of PVt .
Lemma 2.1. If (1.2) and (1.3) hold then LV is bounded above.
Proof. By (1.2) and [10, Theorem 1.2], there exist two constants c1, c2 > 0 such that∫
E
f 2
β−10 (f 2/2)
dμ c1E0(f,f ) + c2, f ∈D(E0), μ
(
f 2
)= 1. (2.1)
Since for any δ > 0,
(K + V )−f 2  δf
2
β−1(f 2/2)
+ 2(K + V )−β0
(
δ/(K + V )−),0
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μ
(
(K + V )−f 2) c1δE0(f,f ) + δc2 + 2μ((K + V )−β0(δ/(K + V )−)) (2.2)
holds for all f ∈D(E0) with μ(f 2) = 1. By taking δ = 1/c1 we obtain
EV (f,f ) E0(f,f ) − μ
(
(K + V )−f 2)− K
−δc2 − 2μ
(
(K + V )−β0
(
δ/(K + V )−))− K > −∞
for all f ∈D(E0) with μ(f 2) = 1 provided (1.3) holds. 
Proof of Theorem 1.1. The existence of PVt follows from Lemma 2.1. By [13, Theorem 3.2.2]
for the semicompactness and [11, Theorem 2.1] for the compactness, it suffices to prove (1.1) for
some positive functions ϕ ∈ L2(μ) and β : (0,∞) → (0,∞). Below we shall construct ϕ and β
by using (1.3) and μ(V < N) for any N > 0.
(i) Firstly, it is easy to see that
ϕ :=
∞∑
n=1
1{n−1V +<n}
n
√
1 + μ(n − 1 V + < n) > 0
satisfies
μ
(
ϕ2
)

∞∑
n=1
1
n2
< ∞.
Moreover, by Lemma 2.1 for −V − in place of V , there exists λ > 0 such that
EV −,λ(f, f ) := E0(f,f ) − μ
(
V −f 2
)+ λμ(f 2) 0, f ∈D(E0).
So, for any N > 0,
μ
(
f 21{VN}
)
 1
N
μ
(
V +f 2
)
 1
N
{
EV −(f,f ) + μ
(
V +f 2
)}
 1
N
E˜V (f,f ) + λ
N
μ
(
f 2
)
.
For given r > 0, taking for N = Nr := max{4λ, 4r } we obtain
μ
(
f 21{VNr }
)
 r
4
E˜V (f,f ) + 14μ
(
f 2
)
. (2.3)
(ii) By taking δ = 12c1 in (2.2), we obtain
EV (f,f )
1
2
E0(f,f ) − cμ
(
f 2
)
for some constant c > 0 and all f ∈D(E0). So, it follows from (2.4) that∫
E
f 2
β−10 (f 2/2)
dμ c3E˜V (f,f ) + c4, f ∈D(EV ), μ
(
f 2
)= 1 (2.4)
holds for some constants c3, c4 > 0. Since F(r) := 1
β−10 (f 2/2)
→ ∞ as r → ∞, for any ε > 0
f 2  εf 2F
(
f 2
)+ Φ(ε)|f |
holds for Φ(ε) := supr0{r − εrF (r2)} < ∞. So, for any f ∈D(EV ) with μ(f 2) = 1,
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(
f 21{V<N}
)
 εμ
(
f 2F
(
f 2
))+ Φ(ε)μ(1{V<N}|f |)
 εC1E˜V (f,f ) + εC2 + μ(|f |ϕ)Φ(ε)infV<N ϕ
 εC1E˜V (f,f ) + ε(C2 + 1)
+ Φ(ε)
2(N + 1)2(1 + μ(V < N + 1))
4ε
μ
(|f |ϕ)2.
Now, by taking N = Nr and
ε = ε(r) := r
4C1
∧ 1
4(1 + C2)
for given r > 0, we then arrive at
μ
(
f 21{V<Nr }
)
 r
4
E˜V (f,f ) + 14 +
Φ(ε(r))2(Nr + 1)2(1 + μ(V < Nr + 1))
4ε(r)
μ
(|f |ϕ)2.
Combining this with (2.3) we obtain
μ
(
f 2
)
 r
2
E˜V (f,f ) + 12 +
Φ(ε(r))2(Nr + 1)2(1 + μ(V < Nr + 1))
4ε(r)
μ
(|f |ϕ)2
for all r > 0, f ∈D(EV ) with μ(f 2) = 1. Therefore, (1.1) holds for
β(r) = Φ(ε(r))
2(Nr + 1)2(1 + μ(V < Nr + 1))
2ε(r)
< ∞, r > 0. 
Proof of Corollary 1.2. By Theorem 1.1, it suffices to show that PVt has a density. By (2.4)
and [10, Theorem 1.1], we have
μ
(
f 2
)
 E˜V (f,f ) + C
(
1 + β0(εr)
)
μ
(|f |)2, f ∈D(EV ),
for some C,ε > 0. So, (1.4) and [10, Theorem 4.4] implies that for each t > 0, PVt is bounded
from L1(μ) to L∞(μ), and hence it has a bounded density with respect to μ (cf. [13, Proposi-
tion 3.3.11]). 
Proof of Corollary 1.3. Once gain, it suffices to show that PVt has a density with respect to μ.
We first note that (1.5) implies the Feynman–Kac formula
PVt f (x) = Ex
[
f (Xt )e
∫ t
0 V (Xs)ds
]
, f ∈ L2(μ) ∩ L∞(μ). (2.5)
Indeed, let PVnt be generated by LVn := L0 −Vn for Vn := V ∧ (−n), n 1. Since Vn is bounded
below, it is easy to see that
P
Vn
t f (x) = Ex
[
f (Xt )e
∫ t
0 V (Xs)ds
]
, f ∈ L2(μ) ∩ L∞(μ),
holds for all n 1. In particular, PVnt f is defined point-wisely for a fixed μ-version f . By (1.5)
and the dominated convergence theorem,
lim
n→∞P
Vn
t f (x) = Ex
[
f (Xt )e
∫ t
0 V (Xs)ds
]
, f ∈ L2(μ) ∩ L∞(μ), x ∈ E.
On the other hand, (1.5) implies that LVn converges to LV in quadric forms, so that (cf. the proof
of Theorem 1.8.2 in [3]) PVnt f → PV f in L2(μ) as n → ∞. Hence, (2.5) holds.t
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generated by L0 has a transition density, for any μ-null set N , one has 1N(Xt ) = 0 a.s. Thus,
(2.5) implies that PVt (x,N) = 0. This means that PVt has a density with respect to μ. 
3. Super Poincaré inequality by subordination: the proof of Corollary 1.4
We first prove that the availability of super Poincaré inequalities is stable under subordination.
More precisely, we have the following proposition.
Proposition 3.1. Let g be a Bernstein function with g(r) → ∞ as r → ∞, and let E (g) be the
Dirichlet form associated to −g(−L0). If (1.2) holds then there exists βg : (0,∞) → (0,∞) such
that
μ
(
f 2
)
 rE (g)(f, f ) + βg(r)μ
(|f |)2, r > 0, f ∈D(E (g)). (3.1)
Proof. Let P (g)t be the (sub-)Markov semigroup generated by −g(−L0). By [10, Theorem 2.4],
(3.1) holds for some βg provided P (g)t is uniformly integrable in L2(μ) for some (or equivalently
all) t > 0. Thus, it suffices to prove
lim
R→∞ supμ(f 2)1
μ
((∣∣P (g)t f ∣∣2 − R)+)= 0, t > 0. (3.2)
Due to (1.2) and [10, Theorem 2.1], one has
hR(s) := sup
μ(f 2)1
μ
((∣∣P 0s f ∣∣2 − R)+) ↓ 0 as R ↑ ∞, s > 0. (3.3)
Recall that
P
(g)
t =
∞∫
0
Ts μt (ds), t > 0, (3.4)
where μt is a (sub-)probability measure on [0,∞) with Laplace transform
∞∫
0
e−rs μt (ds) = e−tg(r), r  0. (3.5)
So,
∣∣P (g)t f ∣∣2 
∞∫
0
|Psf |2 μt(ds). (3.6)
Since the function r → (r − R)+ is convex, by (3.6) and the Jensen inequality, we obtain
sup
μ(f 2)1
μ
((∣∣P (g)t f ∣∣2 − R)+) sup
μ(f 2)1
∞∫
0
μ
((∣∣P 0s f ∣∣2 − R)+)μt(ds)

∞∫
hR(s)μt (ds). (3.7)0
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(3.7) and the dominated convergence theorem (note that hR is decreasing and hence Lebesgue-
measurable). 
Proof of Corollary 1.4. It suffices to prove for nonnegative V for which (1.3) trivially holds.
By Proposition 3.1 and Theorem 1.1, we only need to prove the existence of density of PV,gt ,
the Schrödinger semigroup generated by −g(−L0) − V . Since P 0t has a density with respect
to μ, it has a transition (sub-)probability measure absolutely continuous with respect to μ. Thus,
by (3.4), the transition measure of P (g)t is also absolutely continuous with respect to μ. Since V
is nonnegative so that PV,gt  P
(g)
t , we conclude that P
V,g
t has a density with respect to μ. 
4. Examples and proof of Proposition 1.5
The first example is a generalization to Schrödinger semigroups for relativistic α-stable pro-
cess studied in [7]. Due to the Nash inequality, (1.2) holds for L0 =  on Rd with β0(r) = crd/2
for some c > 0, so that this example considerably strengthens [7, Theorem 1.1] since the present
potential V is allowed to be unbounded below and not necessarily going to infinity at infinity.
Example 4.1. Let (1.2) hold for β0(r) = c(1 + r−δ) with some c, δ > 0, and let α ∈ (0,2]. If
μ((V −)1+2δ/α) < ∞ then the Schrödinger operator
L
(α)
V,m := −
(−L0 + m2/α)α/2 + m − V
generates a bounded semigroup PV,m,αt on L2(μ), which is compact if furthermore μ(V < N) <
∞ for any N > 0.
Proof. Since for any c,A, δ > 0, one has
inf
r>0
{
rA + c(1 + r−δ)}= c + Aδ/(1+δ)c1/(1+δ)(δ1/(1+δ) + δ−δ/(1+δ)),
it is easy to see that (1.2) with β0(r) = c(1 + r−δ) is equivalent to the Nash type inequality
μ
(
f 2
)
B
(
μ
(
f 2
))
 E0(f,f ), f ∈D(E0), μ
(|f |)= 1,
for B(s) := s−1(s − c)+, s > 0. Therefore, by [1, Theorem 1.3], inequality (1.2) for β0(r) =
c(1 + r−δ) implies that for any α ∈ (0,2] there exists c(α) > 0 such that
μ
(
f 2
)
 E (α)0 (f,f ) + c(α)
(
1 + r−2δ/α)μ(|f |)2, r > 0, f ∈D(E (α)0 ), (4.1)
holds, where (E (α)0 ,D(E
(α)
0 )) is the Dirichlet form associated to −(−L0)α/2. Now for any arbi-
trarily given m > 0, let (E (α)0,m,D(E
(α)
0,m)) be the Dirichlet form associated to
L
(α)
0,m := −
(−L0 + m2/α)α/2 + m.
We then have
E (α)0,m(f,f ) E
(α)
0 (f,f ) − mμ
(
f 2
)
.
Thus, (4.1) implies
μ
(
f 2
)
 2sE (α)(f, f ) + 2c(α)(1 + s−2δ/α)μ(|f |)2, f ∈D(E (α)o,m), s ∈ (0,1/(2m)).0,m
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μ
(
f 2
)
 rE (α)0,m(f,f ) + β0(r)μ
(|f |)2, r > 0, f ∈D(E (α)0,m),
holds for
β0(r) := inf
{
2c(α)
(
1 + s−2δ/α): 0 < s  r
2
∧ 1
2m
}
 c1(α)
(
1 + r−2δ/α), r > 0,
for some constant c1(α) > 0. Obviously, for this β0 (1.4) holds and (1.3) becomes
μ((V −)1+2δ/α) < ∞. Therefore, the desired assertion follows from Corollary 1.2. 
The next example considers Schrödinger semigroups for a class of typical diffusion processes
with probability invariant measures, for which the potential V is even allowed to go to minus
infinity algebraically as the distance goes to infinity.
Example 4.2. Let E be a connected complete Riemannian manifold with Ricci curvature
bounded below, and let ρ be the Riemannian distance to a fixed point. Let μ(dx) = e−ρδ dx
for some δ > 1, where dx is the volume measure on M . Let E0(f, g) = μ(〈∇f,∇g〉) with
D(E0) := W 1,2(μ). Finally, let V −λρθ for some λ, θ > 0. If θ < 2(δ − 1) then PVt is a well-
defined compact semigroup on L2(μ).
Proof. By [9, Corollary 2.5], (1.2) holds for β0(r) = exp[c(1 + r−δ/(2(δ−1)))] for some c > 0.
Since θ < 2(δ − 1), it is obvious that (1.3) holds true. Next, since the Ricci curvature is bounded
below, by the Laplacian comparison theorem and Kendall’s Itô formula for the radial process [6],
we have
dρ(Xs) 2
√
2 dbt +
[
C1
(
1 + ρ(Xs)−1
)− δρ(Xs)δ−1]ds
for some constant C1 > 0 and bt the one-dimensional Brownian motion. By Itô’s formula, there
exist constants C2, λ > 0 such that
d
{
ρ(Xs)
2 + 1}δ/2  4(δ − 1)√2{ρ(1 + ρ2)(δ−2)/2}(Xt )dbt + [C − λρ(Xs)2(δ−1)]ds.
Therefore, by a standard argument there exists a constant ε > 0 such that
E
xeε
∫ t
0 ρ(Xs)
2(δ−1) ds < ∞, x ∈ E.
This implies (1.5), since θ < 2(δ − 1). 
Finally, we construct examples for the proof of Proposition 1.5.
Proof of Proposition 1.5. Since μ(V  N) = ∞, there exists a partition {Ek}∞k=1 of finite sets
for {V N} such that μ(Ek) 1. For each k  1, since Ek is finite, there exists ck > 0 such that
μ
(
1Ekf
2) ckμ(|f |1Ek )2
holds for any function f on S. So, the Dirichlet form
E (k)(f, g) = 1
ck
∫ (
f − μ(f 1Ek )
μ(Ek)
)(
g − μ(g1Ek )
μ(Ek)
)
dμEk
688 F.-Y. Wang, J.-L. Wu / Bull. Sci. math. 132 (2008) 679–689defined on L2(Ek;μ) satisfies
rE (k)(f, f ) + r−1μ(|f |1Ek )2  rck μ
(
f 21Ek
)+ ck
r
μ
(
f 21Ek
)
 μ
(
f 21Ek
)
for all r > 0 and f with μ(f 1Ek ) = 0. Thus,
μ
(
f 21Ek
)
 rE (k)(f, f ) + r−1μ(|f |1Ek )2, r > 0, μ(f 1Ek ) = 0. (4.2)
Since μ(Ek) 1, for general f and fˆ := f − μ(f 1Ek )/μ(Ek) there holds
μ
(
f 21Ek
)= μ(fˆ 21Ek )+ μ(f 1Ek )
2
μ(Ek)
 μ
(
fˆ 21Ek
)+ μ(|f |1Ek )2.
Combining this with (4.2) we obtain
μ
(
f 21Ek
)
 rE (k)(f 1Ek , f 1Ek ) +
(
1 + r−1)μ(|f 1Ek |)2, r > 0, k  1,
for any function f on S. Taking sum for both sides over k ∈ N, we conclude that the symmetric
Dirichlet form
E˜ (f, g) :=
∞∑
k=1
E (k)(f 1Ek , g1Ek ), D(E˜ ) :=
{
f ∈ L2({V N};μ): E˜ (f,f ) < ∞}
on L2({V N};μ) satisfies the super Poincaré inequality
μ
(
f 21{VN}
)
 rE˜ (f,f ) + (1 + r−1)μ(|f |1{VN})2, r > 0, f ∈D(E˜ ). (4.3)
Next, let E0 = {V > N}. We claim that there exists a conservative Markov chain on E0 whose
Dirichlet form (E0,D(E0)) is symmetric in L2(E0;μ) and satisfies the super Poincaré inequality
μ
(
f 21E0
)
 rE (0)(f 1E0, f 1E0) + β(r)μ
(|f |1E0)2, r > 0, (4.4)
for some β : (0,∞) → (0,∞). Indeed, we only have to explain for E0 an infinite set. If
μ(E0) = ∞ then E (0) can be constructed in the same way as E˜ so that (4.4) holds for
β(r) = 1 + r−1. If μ(E0) < ∞ then by writing E0 = {s0, s1, s2, . . .} ≡ Z+ the validity of (4.4)
can be easily confirmed using the Hardy criterion on the super Poincaré inequality for birth–
death processes. More precisely, when μ(E0) < ∞, let μi = μ({si}) and bi = i2/μi for i  1,
then
lim
n→∞ supkn
k∑
j=0
(bjμj )
−1 ∑
jk+1
μj = 0,
so that (4.4) holds for some β and the symmetric Dirichlet form
E (0)(f, g) :=
∞∑
i=0
μibi
(
f (si+1) − f (si)
)(
g(si+1) − g(si)
)
with domain D(E (0)) := {f ∈ L2(E0;μ): E (0)(f, f ) < ∞}, see, e.g., [13, Corollary 3.4.3].
Now, let
E0(f, g) = E˜ (f 1{VN}, g1{VN}) + E (0)(f 1{V>N}, g1{V>N})
with domain D(E0) := {f ∈ L2(μ): f 1{VN} ∈ D(E˜ ), f 1{V>N} ∈ D(E (0))}. Then for any
f ∈D(E0), (4.3) and (4.4) yield
μ
(
f 2
)= μ(f 21VN )+ μ(f 21{V>N}) rE0(f,f ) + (1 + r−1 + β(r))μ(|f |)2, r > 0.
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Finally, let φ ∈ L2(μ) be strictly positive with μ(φ) = 1. If PVt is semicompact (equivalently,
compact in the present setting) on L2(μ) for some t > 0, then the essential spectrum of its
generator is empty. By [12, Theorem 3.2] there exists β : (0,∞) → (0,∞) such that
μ
(
f 2
)
 rE0(f,f ) + rμ
(
f 2V
)+ β(r)μ(|f |φ)2, r > 0, f ∈D(E0).
Taking
fn =
n∑
k=1
1Ek , n 1,
and noting that E (k)(1Ek ,1Ek ) = 0 and μ(φ) = 1, we obtain
n∑
k=1
μ(Ek) rN
n∑
k=1
μ(Ek) + β(r), r > 0, n 1.
Taking r = 1/(2N) we arrive at
n∑
k=1
μ(Ek) 2β
(
1/(2N)
)
, n 1.
This implies μ(V  N)  2β(1/(2N)) < ∞ by letting n → ∞, which contradicts to
μ(V N) = ∞. 
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